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Let H(U) denote the algebra of holomorphic functions on an open sub- 
set U of a complex locally convex Hausdorf space E and let H,(U) and 
H,(U) denote this algebra when supplied with the continuous and the 
associated equable convergence structures, respectively [3,4]. One objec- 
tive of this note is to show that the convergence algebras H,(U) and H,(U) 
in some (quite general) cases contain total information concerning the 
space U in the sense that the spectrum of H,(U) or H,(U) is homeo- 
morphic to U, when it is given the continuous convergence structure. 
The finest locally convex topologies on H(U) coarser than the con- 
vergence structures of H,(U) and H,(U) will be denoted by K and A. 
In [lS] H. Jarchow treats analogously defined topologies y and q on 
spaces of continuous linear forms. In [S] we proved that H,(U) coincides 
with H,,(U) (cf. [19]) if U is a Lindelof space and that il is always liner 
than the ported topology z, (cf. [9]). Isidoro [ 141 and Mujica [ 181 have 
characterized the spectrum (as a set) of H,,(U), Hro( U), and H,,(U) and it 
has been used, e.g., for constructing the envelope of holomorphy of U. 
Using the result about the spectrum of H,(U) and H,(U), mentioned 
above, we obtain information on the spectrum of H,(U) and H,(U). 
Finally we prove that the bornological topology associated with the con- 
tinuous convergence structure on the vector space H( U, F), of holomorphic 
functions U + F, coincides with the compact-open topology, when U is an 
open subset of a DFM-space E and F is a metrizable locally convex space. 
This result is analogous to a similar result of B. Miiller [19] concerning 
spaces of continuous linear functions. 
For topological spaces X and Y let C,(X, Y) be the set of continuous 
functions X + Y endowed with the continuous convergence structure, i.e., 
the coarsest convergence structure for which w: C(X, Y) x X-+ Y, 
o(f, x) =f(x) is continuous. If E is a locally convex space, then C,(X, E) is 
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a convergence vector space [3]. The equable convergence vector 
space [13] associated with C,(X, F) is denoted by C,(X, E). A filter 9 
converges to 0 in C,(X, E) iff it is liner than a filter Y which converges to 0 
in C,(X, F) and is equable (i.e., the sets { 1: I;11 < S} G, 6 > 0, G E 9, form a 
filter base for $9). The structure e coincides with local uniform convergence 
(which in [3] is denoted by lu) if E is a normed space. For locally convex 
spaces E and F let L,(E, F) and L&E, F) be the subspaces of C,(E, F) and 
C,(E, F), respectively, consisting of all continuous linear functions. We 
write L,E for L,(E, UZ) (a = c or e). A locally convex space E is L,L,- 
reflexive (c(=c or e) if the mappingj,: E-+ L,L,E, defined byj,(x)l=E(x) 
(which is always continuous) is an isomorphism. A locally convex 
Hausdorff space is L,L,-reflexive iff it is complete [83 and if it is a 
complete Schwartz space, then it is even L&-reflexive [16]. 
Let P(E) denote the algebra of continuous polynomials on E and let 
P/(E) be the subalgebra of P(E) generated by LE. Further let Pf(“lE) = 
Pf(E) n P(“E), where P(“E) denote the vector space of all continuous m- 
homogeneous polynomials on E. Recall that a locally convex space E is 
said to have the approximation property if LE@ E is dense in L,,(E, E). 
In [20] it is proved that P/-(E) is dense in P,,(E) and that P,-(“E) is dense 
in P,,(“E) for every rnE kJ, if E is a locally convex space with the 
approximation property. 
Let U be an open subset of a locally convex space E. We shall consider 
the spectrum Horn H,(U) of all continuous homomorphisms H,(U) + @, 
where I denotes one of the structures c, e, K, or 1. The spectrum is endowed 
with the continuous convergence structure or with the compact-open 
topology. Now Horn H,(U) = Horn H,(U) and Horn H,(U) = Hom,( U) 
[ 121 and the identities H,,(U) -+ H,(U) -+ H,(U) -+ H,,(U) are con- 
tinuous [S]. Further H,,(U) = H,(U) if U is a Lindelof space. If E is a 
separable Frechet space or a DFM-space, then U is Lindelof. The finest 
locally convex topology on the space P(E, F) of polynomials, which is 
coarser than the convergence structures of P,(E, F) and P,(E, F) respec- 
tively will be denoted by y and q. 
DEFINITION. We say that a locally convex space E has the c1- 
approximation property (a = c or e) if LEQ E is dense in L,(E, E). 
Our main result requires some lemmas. 
LEMMA 1. If E has the wapproximation property (a = c or e) then l’,(E) 
is dense in P,(E) and Pr(“E) is dense in P,(“E) for every m E N. 
ALGEBRASOFHOLOMORPHICFUNCTIONS 209 
Proof. The composition mapping P,(E) x L,(E, E) -+ P,(E) (a = c or e) 
is continuous. Hence the mapping L,(E, E) + P,(E), f- p of, is con- 
tinuous for an arbitrary but fixed p E P(E). Since the identity id, on E is in 
the closure of LEQ E in L,(E, E) there is a net (fi) in LEO E, which con- 
verges to id, in L,(E, E). By continuity the net (pofi) (in P,(E)) converges 
to p in P,(E). Analogously one proves the density of Pf(mE) in P,(“E). 
LEMMA 2. rf E is a nuclear locally convex space then L,(E, E) is the 
adherence of LEQ E in L,(E, E). 
Proof. For a Schwartz convergence vector space G the duals L,G and 
L,G coincide and are Schwartz [ 163. Thus L,(E, E), which can be con- 
sidered as a subspace of L,(E, L,L,E) 2 L,(EO, L,E) = L,(E@, L,E), 
equals L,(E, E). It therefore suffices to show that there is a net in LEOE, 
which converges to id, in L,(E, E). Since E is nuclear there exists for each 
O-neighborhood U a O-neighborhood V and sequences lk E LE, X,E E 
(k = 1, 2, . ..) with lim,, 3c po(x - C; =, fk(x) xk) = 0 for x E E and 
CF=, pvo (IL)pU(xk) = c < 00. Since po(C;= , I,(x) xk) < c for x E V and 
each n there is an E > 0 such that (x:; = r 1, @ xk) EVE (t) U. Further, for a 
given x E E there is an m E N such that x - C; =, I,(x) xk s (4) U for all 
n > m. Hence 
(j, l&x,) (x+fzV)E(x+f U)+i UCx+ U for n>m. 
Consequently there is a net in LEO E, which converges to id, in L,(E, E). 
In [6] we have proved that P,,(“E) = P,(“E) if E is metrizable. Hence 
P,(“E) is dense in P,(“E) if E is metrizable and has the approximation 
property. 
Since PJ”E) = P,(“E) [6] we get [cf. [7, Lemma 2611: 
COROLLARY 2.1. Let E be a nuclear locally convex space. Then Pf(“E) is 
dense in Pzo(“E). 
The next lemma follows from [14 or 181, but for completeness we shall 
write down a proof. 
LEMMA 3. Let U be a balanced convex open subset of a locally convex 
space E. Suppose that there exists for u E Horn H,(U) (a = c or e) a unique 
point x E E such that u(f) = f (x) for every f E H(U). Then x E U. 
Proof: Let u E Horn H,(U), let x be the unique point corresponding to 
u and suppose that pa(x) B 1. Let I E U” be such that I(x) = 1. Then, for 
each y E U, the inequality [I( y)l < 1 holds, since U is open. Now the 
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functionf(y)=(l -l(y)))’ is holomorphic on Uand 1 =f(y)(l -I(y)) on 
U. Hence 1 = u(f)( 1 - u(Z)) = u(f)( 1 -I(x)) = 0, which is a contradiction. 
Consequently pu(x) < 1, i.e., x E U. 
The following theorem shows that the convergence algebra H,(U) (a = c 
or e) in some cases contains complete information concerning the 
topological space U. 
THEOREM 4. Let E be an L, L,-reflexive (CI = c or e) locally convex space 
such that Pf( E) is dense in P,(E) (I = y or q) and let U be a circled convex 
open subset of E. Then Hom,H,( U) E U (a = c or e). 
Proof: Since the topology rs is liner thant the topology 0= K or I it 
follows from [lo, Proposition 1.21 that P(E) is dense in H,(U). Using the 
fact that P,(E) is liner than the topology induced on P(E) by H,(E) we 
conclude from this that the continuous mapping Hom,H,( U) -+ L, L, E, 
u H (I H u(l)), is injective. The commuting diagram 
Hom,H,(U)-+L,L,EzE 
P 
U 
together with Lemma 3 imply that Uz Horn, H,(U). 
A complete locally convex space E is L,L,-reflexive [8]. If E is 
metrizable P,,(“E) = P,(“E). Hence we have the 
COROLLARY 4.1. Zf U is a circled convex open subset of a Frkchet space 
with the approximation property, then Horn, H,(U) g U. 
The commutativity of the diagram 
U 2 Horn, H,(U) ---+ Horn,, HJ u) 
1 / 
Er L,L,E= L,,L,E 
where the equality L,L,E = L,,L,E is taken from [2], yields the 
COROLLARY 4.2. For the same U as in Corollary 4.1 Horn,, H,(U) zz U 
and Horn H,(U) z U. 
If E is a complete Schwartz space, then E g L,L,E (Q = c or e) [ 163. 
Hence we obtain from Lemma 2 and Theorem 4: 
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COROLLARY 4.3. If U is a circled convex open subset of a complete 
nuclear space, then Horn, H,(U) E U (a = c or e). 
COROLLARY 4.4. With the same U as in Corollary 4.3 the 
homeomorphisms U 2 Horn,, H,(U) g Horn,, H,(U) and the equalities as 
sets U g Horn H,(U) = Horn H,(U) are valid. 
Proof The homeomorphisms are obtained as in the proof of 
Corollary 4.2. 
Note that if U is a circled convex open subset of a separable Frechet 
space with the approximation property, then U g Horn H,,(U) = 
Horn H,(U) = Horn H,(U) by Theorem 3.1 in [IS]. 
3 
In [19], B. Miiller showed that L&E, F) = L,,(E, F), if E is a complete 
DF-nuclear space and F is a Frechet space. 
Recall that a locally convex space E is a DFM-space iff it is a complete 
DF-Schwartz space [ 151. We shall further need the following concepts. Let 
E and F be locally convex spaces and let U be an open subset of E. A sub- 
set B of H( U, F) is said to be bounded in H,( U, F) if VB converges to zero 
in H,( U, F), where V denotes the O-neighborhood filter in C. If for each 
x E U there exists a O-neighborhood W in E such that x + WC U and 
B(x + W) is bounded in F, then B is said to be locally bounded. Finally, B 
is said to be amply bounded if it is locally bounded as a mapping into F, 
for each O-neighborhood V of F. 
Recall that a space E is said to be holomorphically infrabarrelled [ 11, if 
for every open subset U of E and every F a subset B of H( U, F) is amply 
bounded if (and only if) it is bounded on every compact subset of U. The 
next lemma shows that for an open subset U of a holomorphically 
infrabarrelled E the spaces H,( U, F) and H,,( U, F) have the same bounded 
subsets. 
LEMMA 5. Let E and F be locally convex spaces and let U be an open 
subset of E. A subset B of H( U, F) is bounded in H,( U, F) iff it is amply 
bounded. 
Proof Let B be a bounded subset of H,( U, F). The filter WB converges 
to zero in H,( U, F) iff for each x E U and each O-neighborhood V in F there 
exists a O-neighborhood W in E with x + WC U and E > 0 with 
EB(X + W) G V. The lemma follows as a direct consequence. 
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Let H,( U, F)bor” denote the associated bornological topology of 
H,( U, F) (cf. [ 171). Now we can state the following 
PROPOSITION 6. If U is an open subset of a DFM-space E and if F is a 
metrizable locally convex space, then H,,( U, F) z H,( U, F)bor”. 
Proof: H,,(U, F) is metrizable, since E is a DFM-space and F is 
metrizable. It is therefore sufficient to show that each bounded subset of 
H,,( U, F) is bounded in H,( U, F). But according to [ 11, Proposition 61 
each bounded subset of H,,( U, F) is amply bounded. Thus Lemma 5 yields 
the proposition. 
The compact-open topology is the coarsest and the topology of 
H,( U, F) born is the finest topology discussed in this note. Hence we obtain 
COROLLARY 6.1. With 17, E, and F as in Proposition 6 we have the 
equalities H,,( U, F) = H,( U, F) = H,(,,( U, F) = H,( U, F) = H,,( U, F) = 
H,( U, F)bor”. 
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